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1 Introduction 



The aim of this paper is to present in a clear form the systematic method outhned in Ref. 
of generating Lax-form and the spectral parameter of integrable models through the gauge theory. 
For the gauge group SU{2), the method leads both the non-relativistic and relativistic integrable 
equations in 1-space and 1-time dimension, whose fundamental examples are respectively the cele- 
brated nonlinear Schrodinger (NLS) equation and the Liouville equation. In the theory of classical 
integrable systems, the zero-curvature formulation has been a crucial step to elucidate the hidden 



symmetry of the equation |1S] [g] A large class of solvable systems originated in the gauge 

theory. Of course such systems represent only a restricted, but nevertheless rich, class of integrable 
equations of physical interests. It has been well-known that the relation of gauge equivalence exists 
between various models like the continuum Heisenberg spin chain and NLS Q. Historically, these 
like relations were established on the level of Lax or zero-curvature representations [p^ j flStl , but 
without admitting an extention to the nontrivial backgroud of higher dimensions. From another 
site the (DP" cr-model representation Q allows one to associate the model with a gauge field theory 
using the auxiliary fields. In this paper we shall focus on some well-known models of which the 
Lax forms already exist in literature, and establish the equivalent relations among them through 
the SU{2) or SU{1, l)-gauge theory. As it is known for integrable models, the Lax representation 
is the fundamental procedure for the solvablity of the equation. However the achievement of Lax 
forms with a spectral parameter usually relies on the experience of expertise. It is desirable to 
have some additional mathematical or physical grounds for the understanding of the qualitative 
nature of existing results. In the gauge theory approach of integrable systems, we are able to as- 
sociate a spectral parameter with the global degree of freedom of the equations connected to some 
special automorphisms of spacetime, e.g. the Galileo transformations for NLS. Furthermore the 
Backlund transformations can be derived from the higher dimensional Chern-Simons theory with 
the interpretation of the extract space dimension coordinate as the spectral parameter. 

Our paper is organized as follows: In Section 2 we review the general properties of connections 
and homogenous spaces, which will be relevent to the discussion of this paper. In what follows, 
we present a systematic approach to integrable models related to the gauge theory of SU (2) or 
5C/(1,1). In Section 3 we establish the general correspodence between S'^ cr-models and abelian 
gauge theories with background fields derived from the SC/(2)-flat connections. Models with certain 
special constraints will be treated in the next three sections. In Section 4 we discuss the self-dual 
equation of a Riemann surface and its corresponding abelian gauge system. In particular for 
the complex plane, it gives rise the solutions of Liouville equation. In Section 5 the (conformal) 
sinh-Gordon equation and and its various equivalent forms will be derived. We shall relate the 
spectral parameter of the sinh-Gordon equation with conformal symmetries of the equation. In 
Section 6 we give a gauge theory description of NLS equation, and establish its equivalent relation 
with the Heisenberg model as the corresponding cj-model. The Zakharov-Shabat representation 
of NLS equation will be derived from the Galileo invariance of the equation. In Section 7 we 
present an interpretation of the Backlund transformation of NLS through the three dimensional 
Chern-Simons theory by the technique of dimensional reduction, a treatment in the framework 
of BF-type gauge theory in [16| |17]. We reinterpret the spectral parameter of NLS equation as 
the extract compactified space dimension coordinate. In Section 8 we present the correspodence 
bewteen hyperbolic non-compact c-models and the abelian gauge models derived from SU{1, l)-flat 
connections, in particular the Liouville equation, and its relation with the cylindrical symmetry 
solutions of the 4-dimensional self-dual Yang-Mills equation obtained by E. Witten in [^]. In the 
conclusion we discuss some physical ideas to explain our results. 
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Notations. 

We shall use the following notations unless we mention specifically. Let X be a (differentiable) 
manifold, and L be a complex Hermitian line bundle over X. We use as the local coordinates 
of X. By a local open subset of X, we shall always mean a contractible open set U endowed with 
a coordinate system. Denote: 

Q}'{X) = the vector space of real A:-forms on X. 

n^{X,l.)= the vector space of L- valued /c- forms on X. 
For s G L), we shall denote the complex conjugate of s by G Vl^{X,'L*). For manifolds 

X, Y , with base elements xq & X^uq , we denote 

C°°{{X, xo), (5^, yo)) = the set of all C°°-maps tp from X to y with (/?(xo) = yo- For simplicity, we 
shall call (X, xq) a marked manifold X (with the base element xq), and ip a marked differentiable 
map from X to Y . In what follows, we systematically write C°°(X, Y) instead of C°°((X, xq), {Y^ i/q)) 
if no confusion could arise. For a Lie group the base element will always be the identity element. 

Diff(X) ( = Diff(X, xo) ) = the group of automorphisms of X preserving the base element xq. 

2 Preliminaries : Connection and Curvature 

A systematic review of connection and curvature cannot be presented in a regular paper. Here we 
simply recall some basic concepts and a few definitions, in order to fix the notations used in this 
work. We follow in this respect Ref. Q |^]. Let G be a semi-simple Lie group with the Lie algebra 
g, and Aut(g) be the identity component of the group of Lie-automorphisms of g. The negative 
Killing form defines an inner product structure < *, * > of g, invariant under the adjoint action of 
G. Let Der(g) be the algebra of derivations of g. It is known that 

g ~ ad(g) = Der(g) , 

and one has the exact sequence: 

1 Z{G) ^G^ Aut(g) 1 (1) 

where Z(G) is the center of G. Then we have 

Aut(g) C 50(g) := {p G SL{g) 1 < pix),p{y) >=< x, y >, Vx, y G g} , 
Der(g) C so(g) = Lie algebra of SO{g) , 

and we shall always consider Aut(g) as a closed subgroup of 50(g) in what follows. Let (e^, . . . , e") 
be an orthonormal basis of g with respect to < *, * >. The Lie algebra g is defined by 

[e\e^] = e^4^ l<i,j,k<n, 

where the symbol Cj^ is a structure constant of g and is anti-symmetric in its indices. Let (ei, . . . , e^) 
be the basis of g* dual to (e^, . . . , e"). As g is isomorphic to g* via < *,* >, equivariant with 
respect to G-adjoint actions, we shall make the identification: g = g*,e-' — ^j- Using the basis , 
one regards Aut(g) as a subgroup of SO{nj^,n-) by the following relation, where (n+,n_) is the 
signature of < *, * >, 

Ad(5)^ R{g) = {R{g)';), with Ad(ff)(ei, . . . , e") = (e\ . . . , e")i?(ff) , geG . (2) 
Now it is easy to see the following lemma. 
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Lemma 1. For a linear map Z of g, 

/:(ei,...,e-)^(ei,...,e")M, M = (M/) , 

the following conditions are equivalent: 

(I) I G Der(g) . 

(II) M^ci^ = Mic^ - Mi&^ for all i,j,k. 

(II) There exist real numbers, ai, . . . , «„, such that = c^^aj for all z, k. □ 

Let P be a principal G-bundle over a manifold X, 

G — >P — >X . 

The bundle P induces a principal Aut(g)-bundle P' and a vector bundle ad(P) over X associated 
to the adjoint representation of G on g: 

P' = PxGAut(g) , ad(P)=PxGg. 

Denote J1*(X, ad(P)) the set of differential forms with values in ad(P). The fibers of ad(P) are 
endowed with a natural Lie algebra structure from the Lie algebra g. The Aut(g)-bundle P' can 
be regarded as the bundle of frames {v^,. . . ,f") of ad(P) with the fixed Lie structure constants. 
Let J be a connection on P over a manifold X. It gives rise to a Aut(g)-conncetion J^d on the 
bundle P', and a covariant differental Dad on r2*(X, ad(P)), 

i^ad(<^) = d{4>) + [J, </.] , <^ G 0*(X, ad(P)) . 

For a local open subset f/ of AT, the local expressions of J, J^a and L'ad are given by 

J = eJujj = J^dxt" G g ^ Vl\U), ujj = J,, G ^\U) , = eV^- ^ G n\U) ® g , 

Jad = e^ei{u;^)l G Der(g) ® n\U) , {oj^T, = {J^)ljx^^ , (Jad)l,^ := 4' , ^ ^ 

and 

^ad(e7i) = e'difi) + (I?adeO/i , /i e ^^*(A) , 
^ade' = [e^u;j, e'] = e''{J^)l^^dxi' G g ® ^\X). 

The curvature P(^) is a 2-form with values in ad(P): 

P(J) =dJ+ ^[J, J] G ^^(a:, ad(P)) . 

Recall that two connections 

are gauge equivalent if there exists an element h G C°° (A, G) such that 

J = h-^dh + Ad{h)-\e^)ujj , = Jj,i^dx'' , Jj^^ = J{h)j^^ + R{h-^fjJk,n ■ 

This implies the corresponding Aut(g)-connections, (Jad)fe^da;^, {Js,^)\ ^dx^ , are also equivalent. 
It is known that the diffeomorphism group Diff (A) acts on the space of G-conncctons in a canonical 
manner. In fact, for ip G Diff (A) and a connection J on a principal G-bundle, (^*J is a conncection 
on the pull-back bundle ip*P. For a function g G C°°{U, G), it defines a current by 

J{g)^,dx^' := g-^dg G g A\ J{g)^ = e^J{g)j,^, . 
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A connection J is fiat if F( J) = 0. Its local expression is given by 

J = e^ujj = g-^dg , for 5 G C°°{U, G) , i.e. = J{g)^ , 
<J=^ dwj + \c'^ujj A Wfc = , i.e. d^Jy - dyJ^ + [J^, Jy\=Q . 

For two gauge equivalent connections, J, J , the flat condition of one implies the other. In fact, one 
has 

J = g-'dg ^ J = {gh)-'d{gh) . 
As the G-bundle P is a finite cover over the Aut(g)-bundle P' with the covering group Z{G), 

P — > P/Z{G) = P' 

i i 
X = X , 

the flat conditions of connections, J , Jad, are equivalent. For a simply-connected manifold X with 
a base element xq, there is an one-to-one correspondence of the following data, equivariant under 
the action of Diff (X): 

(I) A flat G-connection on P. 

(II) A flat Aut(g)-connection on P' . 

(III) 5GC-((X,xo),(G,1)). 

(IV) mGC-((X,xo),(Aut(g),l)). 

Here an element ip € Diff(X) acts on 5, m by 

{ip,g) ip*g , ^*g{x) := {g{(p(xo))-^ g{ip{x)) , for x G X , 
{^p,m) 1-^ ip*m , (p*m{x) := (m((/?(xo))~"^m((/?(x)) , for x € X . 

The functions g, m, in (III), (IV), are the gauge functions of flat connections of (I), (II), respectively. 
Note that under this situation, the bundle P is necessarily a trivial one. With R{g) = (?t^^) in (Q), 
we have the following result. 



Proposition 1. Let X be a simply-connected marked manifold ( with a base element xq), and 
= Jj ^ € Q^{X) (8) g, 1 < j < n. Then the following conditions are equivalent: 
(I) 

d^J„ - dyJ^ + [J^, Jy] = Q , i.e. [d^ + J^, + Jv] = Q , for all /u, v. (4) 

(II) There exists an element m = e^eimi € C°°(X, Aut(g)) ( := C°°((X,xo), (Aut(g), 1)) ) such 
that 

{df^mi) = (mt)((Jad)i,^) , {J^d)if, = ci'«^J> ' 

i.e. 

d^{m\...,m^) = im\...,m^){{J,^)l^) , (5) 

where is the j-th column vector of the matrix (?Ti^). Furthermore, the above correspondence is 
equivariant under actions of Diff (X). □ 

For the group G = U{1), we shall identified the Lie algebra of U{1) with ilR through the usual 
exponential map, 

— > 2m7Z — > ^ U{1) — > 1 . 

For a connection ^ on a principal U (l)-bundle P over a manifold X, ad(P) is the trivial bundle with 
i5ad= the ordinary differential d. However, through the canonical emdedding U{1) C (D* = GLi{(£), 
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there is a Hermitian (complex) line bundle L over X associated to P with a covariant differential 
dA on sections of L and its extension on L- valued forms, 

dA ■ n*{X,L) — >n*{X,L) . 

The Chern class ci(L) of L is the integral class represented by the curvature ^F(A): 

ci(L) = ^F(A) G B\X,'ZZ) . 

On a local open set U, A is expressed by an 1-form iV for V G fl^{U). In this situation, we have 

F(A) = dA, and the covariant differential dA, 

dA:=d + A: n*{U)(^ — ^ ^*{U)(^ ■ 
In a local coordinate system {x^,... , x"), we shall write 

dAif) = dTf^idA)^/ , for / G n\U)Q; . 

Let H he a closed subgroup of G, S be the i^-orbit space G/H with the base element e equal 
to the identity coset, and tt : G — > S the natural projection. We have the exact sequence of sets 
of marked maps, equivariant under the actions of Diff(X), 

— ^ C°°{X, H) — > C°°{X, G) ^ C~(X, S) ^ R\X, n\H)) — ^ ■ ■ ■ . 

For s G S) with 5{s) = 0, we have s = tt ■ g for a function g G C°°{X,G), unique up to 

the multiplication of an element h in C°°{X,H), i.e. g gh. One can assign the element s a flat 
G-connection Jj^^dx^^ corresponding to g, then modulo the qauge equivalent relation induced by 
elements of C°°{X, H). Hence we have the following result: 

Proposition 2. For a simply-connected marked manifold X, there is an one-to-one correspondence 
of the following data, which are equivariant under the actions of Diff(X): 

(I) s G C°^{X,S) with 5{s) = 0. 

(II) = e^Jj^ndx'^ G g (8) QP{X), a flat connection modulo the relation, ~ J^, 

4m = Jih)j,^ + R{h-^)jJk,^ , for G C^{X, H) . 
The relation of s, J^, is given by 

s = 7r*(c/) , g~^dg = e^Jj^^dx'^ for some g G C°°{X, G) . 

□ 

Remark. Under the situation where H is abelian and H^(X, 7Zj) = 0, one has H^(X, Qp{H)) = 0, 
then the condition (I) simply means s G C°° {X, S) . 

3 Flat SU(2)-Connection and a-model 

In this section, we set the Lie algebra g = su{2), where the negative Killing form is defined by 

< x,y >= — ^-Tr(adx ady) , x,y e g, 
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An orothonormal basis of g consists of the elements: 




= 1,2,3 . 



Here are Pauli matrices, 

Note that a^, form the standard basis of the Lie algebra s/2((C) with 

, a^+ia"^ f l\ _ 0-1 - «cj2 / \ 

The Lie algebra g is given by 

where ejki are antisymmetric with ei23 = 1. We have the equality, Aut(g)= 50 (g) , which will be 
identified with 50(3) via the basis . The sequence (|l|) becomes 

1 — > {±1} — > SU{2) — > 50(3) — > 1 . 

Associated to an element of 50(3), (m^) = (m^, m^, m^), we shall denote 

5 = , 

which is an element of the unit sphere 5^ in g. We regard (m^, m^) as a positive orthonormal frame 
of the tangent space of 5^ at 5. Note that = m} x m?. Hence we can identify 50(3) with the 
unit tangent bundle of 5^, i.e. 

50(3) = {(5, t) G ]R3 X ]r3 I 5?2 ^ ^2 = 1 ^ 5? . f ^ }. 
For an element (5, t) G 50(3), we shall denote 

t+ = t + i{S xt) , t^ = t- z(5 X t) . 

The following relations hold: 

t+ .t^ = t_-t^ = o , t+ • r_ = 2 , 

t+ X 5 = , X S = -it- , r_ X t+ = 2iS . 

The standard metric of 5^ together with the involution, 

t t-^ S X t , S X t —t , 

defines a complex Hermitian structure on the tangent space of 5^ at 5. In what follows, we shall 
regard the tangent bundle of 5^ as a Hermitian (complex) line bundle, denoted by T52, with 50(3) 
as the unit sphere bundle. The map, t t-, defines a (D-linear isomorphism between T52 and the 
complex line subbundle of T52 (D generated by t_. 

Let X be a simply-connected marked manifold. An 5?7(2)-connection J on X is expressed by 

J = 2Im{q)e^ - 2Re{q)e^ + Ve^ = qa" - qa^^ + Ve^ 
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with q = q^dx^ G il^{X)(^, V = V^dx'^ € Q}-{X). The associated 50(3)-connection J' is given by 

/ V 2Re{q) 

J' = {e^,e'^,e^) -V 2/m(g) 

y -2Re{q) -2Im{q) 

It is known that the zero curvature of the connection J, F{J) = 0, is the consistency condition of 
the Unear system : 

dg = g{qa- -qa+ + ¥6^) , g £ {X , SU {2)) , (6) 
which is equivalent to the system (|5|), now in terms of S,t, expressed by 

i dS = qt. + qt+ 

\ dAt+ = -2qS, for A = -iV . ^ ' 



By Proposition 1, the 1-forms q^A^ satisfy the relation (^), which is equivalent to the expression: 

(8) 



F[A) = 2qq, 

dAq = for , ^ = -iV . 



The curvature F(A) is related to S by the formula: 

^S-{dSxdS) = ^qq=^F{A) . (9) 
In the case of a 2-dimensional Riemannian manifold X, one has the inequality: 

dS • *dS > ±S • {dS xdS) , ( ^ Aq{*q) > ±4iqq ) . 
The following lemma is implied by Proposition 1. 

Lemma 2. Through the relation there is an one-to-one correspondence between the following 
data for a simply-connected marked manifold X: 
{l){S,i)eC^{X,SO{3)). 

(II) iA,q), a solution of (|) with A G in^{X) ,q £ ^^iX)qi. □ 
For X = IR^, the local expressions of (j^, (P), are: 

f df,S = q^t^ + q^,t+ , i doVi - diVo = 2i{qoqI - %qi) , 

\ (d^ - iVf,)t+ = -2qf,S , /i = 0,l, \ {do - iVo)qi = (di - iVi)qo . ^ ' 

Let H be the Cartan subgroup consisting of diagonal elements of SU{2). As H is the isotropic 
subgroup of the element for the adjoint action of SU (2) on g, 

H = {g£SU{2) I Ad(5)(e3) = e3}, 

the homogeneous space SU{2)/H can be identified with the unit sphere S*^ in g with the base 
element e = e^. Note that the exponential of an element E iTR (= the Lie algebra of H) acts on 
g by 

cos 2^ sin 2^ 
(e^e^e^) (e\e^e^) I -sin2^ cos2^ 

1 
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For h £ C°°(X, H), we have 

h'^dh = {da)e^ for a £ n°{X) . 
Under the action of h, the transformations of S, t, V, q, in (|^ are given by 

s , r_ ^ e-^"r_ , . . 

q ^ e*°g, V^V + (da) . ^ ^ 

Consider A (:= —iV) as an [/(l)-connection on the trivial complex line bundle L over X with the 
canonical Hermitian structure, g as a section of 1-forms with values in L. There is a covariant 



differential dA induced by A on L-valued differential forms. The transformations of q,V, in (11) 
are described by a different choice of trivialization of the line bundle L. By Proposition 2, we have 
the following result: 



Proposition 3. Let X be a simply-connected marked manifold with H^(X, = 0, L be the 
trivial complex line bundle over X. There is an one-to-one correspondence of the following data: 

(I) S £C°°{X,S^). 

(II) {V,q), V G Q^{X),q£ n^{X)(^, a solution of d) modulo the relation {V,q) ~ {V,q): 

{V, q) = {V+ {da),e'°q), for a G n°{X) . 

(III) {A, s), where A is an [/(l)-conncetion on L, s G ^1^{X, L), satisfying the following relation: 

f FiA) = 2ss\ 

\ dA{s) = 0. ^^^^ 

The above S , {V,q), are related by (0) for some t(£ C°^{X, S^), and {A, s), {V, q), by the relation: 
{A, s) = {—iV, q), via a trivialization of L = X x (D (as [/(l)-bundles ). □ 



Note that the vector-valued 1-form qt- in the above proposition is independent of the choice of 
gauge transformation a in (II), hence it defines the section s of (III). The Hermitian line bundle L 
is isomorphic to the pull-back of line bundle T52 via the map S. Therefore one can formulate the 
conclusion of Proposition 3 in the following instrinsic form. 



Theorem 1. Let L be a Hermitian line bundle over a simply-connected marked manifold X. 
There is an one-to-one correspondence of the following data: 

(I) S G C°°(X, 52) with S*{Ts2) = L . 

(II) {A,s), a solution of ([l^), where A is an ?7(l)-connection on L, s G i^^{X,'L). 

In fact, (A, s) in (II) is expressed by {—iV, q) via a trivialization of L over a local open set U, which 
is related to the S in (I) by ^ for some t G C°°(X, S^). Furthermore, the above correspondence 
satisfies the following functorial property. Namely, let Xj, (j = 1,2), be two simply-connected 
marked manifolds with the corresponding elements, {Aj, Sj) in (II), Sj G C°^{Xj, 5*^) in (I). Assume 
Si = S2<f for some marked map ip : Xi — > X2. Then (^1, si) = {ip*{A2), if*{s2))- 

Proof. Let {Ua} be a simple open cover of X, Ua be a base element of Ua- By Proposition 3, an 
element {A,s) of (II) gives rise a collection of maps, 5^ : {Ua,Ua) — > {S'^,e), with S'*((T5'2) = 
L|;7^, and vice versa. For each pair (a, /3), there is an unique element ga,i3 in 50(3) such that 

Sa{x) = QaA^l^i^)) ' for X G t/a n [/a . 
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Then {go,/?} forms a cocycle for the cover {Ua} with values in 50(3). By the simply-connectness 
of X, there exists an 1-cochain {ga} such that ga,p = Qa^gp- Then the function, 

S{x) := ga{Saix)) , 

is the marked map from X to S'^ in (I). The functorial property fohows easily from Proposition 3. 

□ 

To illustrate the correspondence of Theorem 1, we are going to give the explicit construction of a 
solution of (II) for the complex projective plane P^, corresponding to the canonical identification 
of S'^ with the extended complex plane via the stereographic projection. 

Example. The Fubini-Study metric on P^, which is identified with the one-point compactification 
of the complex plane, 

P^ = (D U {oo} , [1,0] ^ oo, [C, 1] ^ C e (D . (13) 
The stereographic projection defines the diffeomorphism, 

p : pl ^ ^2 ^ ^ ^ith Si + iS2 = , 53 = , (14) 



which sends the origin, = 0, to the base element of 5^. The Fubini-Study metric on P^ is a 
metric invariant under fractional tranformations of SU{2) on P^, 

C-C' = ^, ^)€5^(2). (15) 

In the coordinate C,^ the metric is expressed by 

dQ (g) dC, 

with the 2-form, 

{l + \C\^)-^dCdQ = -dd\og{l + \C\^) . 

Furthermore, the expressions in the above hold also for any coordinate system Q' related to C, by 
([l5|) . With the canonical metric on 5^ and the Riemannian metric 4(1 + \C,'\^)~'^ Re{dC, dQ) on P^, 



the map (14) is an 5C/(2)-equivariant isometry. One can set t± on the ^-plane by 

r_ = (1 + \c\^)d^s , t+ = (1 + \c\^)d-.s , 






By computation, one obtains the expressions of A, in (^), denoted by q.,A, as follows: 
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By the 5C/(2)-invariant properties of metrics on and S^, the expressions of q, A, in the above 
formula hold also for any coordinate system (' in (|l^). The connection A is characterized as an 
5C/(2)-invariant C/(l)-connection on the tangent bundle of P^. Note that the C/(l)-bundle p*T52 is 
the anti-canonical bundle over P^ endowed with the Fubini-Study metric. The local frame for 
Eq.(|^ is (1 + |C'P)~^^- Hence the element {A,s) in Theorem 1 is given by the 5C/(2)-invariant 
connection A and the "tautological" section <I>, 

dAii^ + \CT)-'ir) = Mlog(l + lC'n+51og(l + jC?))(l + |C?)-^|7, 

$ = € J]i'0(P\K-i) . ^ 

By the universal property of Theorem 1, the above {A, <&) can be served as the universal object of 



solutions of (|12D . Hence we obtain the following statement: 



Corollary. The expression of the corresponding element (A, s) in Theorem 1 (H) for an element 
5 e C°°(X,52) is given by 

iA,s) = iC{A)X*m , where C:=/(5):X^pi . 

□ 



4 Self-Dual Equation and Liouville Equation 

In this section, X will always denote a Riemann surface, i.e. an one-dimensional complex manifold, 
with a local coordinate system, z = x+iy. With the holomorphic and anti-holomorphic differentials, 

dz = dx + idy G dz = dx - idy G , 

one decomposes differential forms of X into (p, q)-forms, 

^*{X)^ = ^a^^\X) , 
p,q 

hence the differential d = d' + d" , 

d' : 17P'^(X) — > J]P+^''i(X) , d" : 17P''i(X) — > QP^'i+^X) . 
For q E Q^{X)qi, we have 

q = q' + q" , q' e n^'%X) , q" e n''^\X) , 

with the local expressions, 

q = q^dx + qydy , q' = q^dz , q" = q^dz where q^ := ^ , q-j ■= • 

For an C/(l)-connection A £ iil^{X), one has the decomposition of dA- 

dA = d'A + d% d'^ := d' + A' , d'^ := d" + A" . 
Note that A" = —A'. In a local coordinate z, we shall write 

d'Af) = dz{dA)zf , d'iif) = dz{dA)-zf for / G ^\U)(^ . 
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Furthermore one has the decomposition of the L-valued forms, where L is a Hermitian hne bundle 
over X with an [/(l)-conncetion A, 

17*(X,L) = ep_ql^P'q(X,L) , dA = d'^ + d"^, 

d'j^ : S7P'^(X,L) — > OP+i'^(X,L) , d"j^ : S7P'^(X,L) — > 0P''1+1(X,L) . 

For s G L), we denote 

s = s' + s" , s' £ L) , s" G n^'^X, L) . 

Hence 

F{A) = d"A' + d'A" , dAS = d'^s' + d'As" , ss'^ = s's'^ - s"ls" . 
Locally we have the expressions, 

A = Azdz + Azdz , s = Qzdz + q^dz , 

then (|l2|) becomes 

r d,As - d-,A, = 2(1(7, |2 - \q-,\^), 

\ {dA)zqz = {dA)zqz , 

which is the compactibility condition of the linear system (Q, now taking the form: 

f d'g = g{q'a- - lf_a^ + V^^) , 
1 d!'g = g{q"a- - '^a^ + V'e') , 

with g G C°°(X, 5f/(2)). An equivalent expression is the system: 

Note that the r.h.s. in the above is a S'L2((C)-connection. 

Consider the following constraint, called the self-dual equation, of functions S from a marked 
Riemann surface X to S'^: 

d'S = iSxd'S, d'C = 0), (19) 

or 

d"S = iSx d"S d"C = ), (20) 



where C, is the composition of S with the stereographic projection (p!4|), Q : X — > P^. By the 
formula of vector product in IR'^ , 

Vi X {V2 X Vs) = {Vi ■ V3)V2 - (vi ■ V2)v3 , 

Eqs. (p!9|), ([20|), have the following local expressions: 

(|1|) ^ d^S = SxdyS, 
(H) ^ dj =-Sx dyS . 

For a solution S of (p^), let L be the Hermitian line bundle S*Ts2, {A,s) be the solution of ( |T^ ) 
corresponding to S in Theorem 1. With a local trivilization of L over an open set U, s is represented 
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by an 1-form q G ^1^{U)(£. By (0), Eq.([l9|) is equivalent to the relation, q' = 0, i.e. qx = iqy, and 
the same for Eq. ( pO[ ) and q" = 0. Hence 

^ s' = , i.e s = s" , 
^ s" = , i.e s = s' . 

Replace L, A, by the complex conjuate L^, ^4^, in the case of ([l9|), and set 

f st for (M) , 



We have 

and Eq.([T^) becomes 



[ s for (Ig) 
4<I> = , 



(21) 




where ^4 is an C/(l)-connection of a Hermitian line bundle L over X, and $ E '^(X, L). By 
Theorem 1, we obtain the following result: 

Theorem 2. Let L be a Hermitian complex line bundle over a simply-connected marked Riemann 
surface X. There is an one-to-one correspondence between the following data: 

(I) S eC°°{X,S^), a. solution of (|l|) with S*(T^2) = L . 

(II) S £C°°{X,S^), a solution of ^) with S*{Ts2) = L . 

(HI) [A,^), a solution of Eq. (H^), where A is an C/(l)-connection on L, <I> G ri^'°(X, L). 
The S"s in (I), (II), are related by the transformation. 



S 



For {A, <I>) of (HI), the corresponding S in (I) ( or (II)) is the element related to {A^ , <I>^) ( or {A, <I>) 
respectively ) in Proposition 3 (I). □ 

Remark, (i) Replacing X of the above theorem by an arbitrary Riemann surface, by the relation, 

dA^ = 0^ 4$ = , for $ G n^'°{X, L) , 
one obtains the following relations among (I) (II) and (HI), 

(I) ^ (II) =^ (III) . 

(ii) The general solution of (II) in Theorem 2 for a simply-connected marked Riemann surface X 
(with a base element xq) is given by 

(A,^) = {if* (A), if* {^)) , if : {X,xo) — y (P\0) holomorphic , 

with L = (^*(K~^). Here (A,^) is the solution over described by ([T6|). For X = P^, the map 
(p is a rational function of X. By (^), the Chern class of (/?*(K~^) is given by 

ci{ip*(K-^)) = -3- f S ■ {dS X dS) = 2 (degree of (p) . 

4:TT J 
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□ 

Corollary. For X = (E with the coordinate z = x + iy, let L be the trivial line bundle over X 
with the canonical Hermitian structure. Then there is an one-to-one correspondence between the 
following data: 

{!) S :X — > a solution of (|l|) ( or (|o|) respectively ) with 5^(0,0) = e. 

(II) {A, $), a solution of @) where A is an [/(l)-connection of L, $ G n^'°{X, L). 

(III) (p : X — > HU {— cx)}, a solution of Liouville equation: 

(LE) : -{dl + d^)(l) = 8e'^ . (22) 
The relation of (I), (II), is given by Theorem 2. The relation of (II), (III), is given by 



A = A^dz + A^dz , Ag = =Ydz<t) , 
i. 

^ = e2dz , 

and (I), (III), by 2e'^ = \dj\^ ( or la^Sp respectively ). 



(23) 



Proof. As X is a contractable space, we may assume the line bundle L in Theorem 2 is the trivial 
one. Hence it follows the relation between (I), (II). For an element {A, $) of (II), by a suitable frame 
of L outsider the zeros of $, one can write ^ = e^dz for a function with values in IR U {— cx)}. 
Then Eq. ( |2l| ) is equivalent to the relation, A^ = ^dz4>. Hence (j) satisfies Eq. (22) of (III). The 
relation between (I), (III), follows easily from (^). □ 

Remark. By Corollary of Theorem 1 and the above relation between (II), (III), one obtains the 
well-known expression of a general solution of Liouville equation: 

^(z) = log-^4^^^ , C:(E^IP' holomorphic. 

5 Conformal Sinh- Gordon Equation 

In this section, X is a simply-connected marked Riemann surface. We are going to discuss the 
following equation of 5 G C°°{X, S^), 

S X d"d'S = , ( ^ d"d'S + {d"S, d'S)S = ^ d'd"C = j^d'Cd"C ) , (24) 

where C = P*{S)- The local expression of ( p4|) is given by 

5 X (52 + d^)s = , ( ^ d,dj + {d-J + dj)s = o ^ dzd.c = 2C^^ ) . (25) 

Let {A, s) be the solution of (^) corresponding to S in Theorem 1. Eq. (p^) gives rise a constraint 
of {A,s), which is the expressions, 

a^s + dji^s = dj^s — dji^s = dj^s = a^s = (J . 

Note that the zeros of any two of the above four sections imply the others. Locally they are 
described by the relations: 

{dA)xqy - {dA)yqx = {dA)xqx + {dA)yqy = . 
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Obviously these conditions are preserved under holomorphic transformations of the Riemann surface 
X. 



Theorem 3. Let L be a Hermitian line bundle over a simply-connected marked Riemann surface 
X. Under the correspondence of Theorem 1, the following data are equivalent: 



(I) S G C~(X, S^), a solution of with S*{Ts2) = L . 



(II) {A,s), where A is a C/(l)-connection on L, s G Q,^{X,'L), satisfying the equation 

/ F{A) = 2ss^ , 



•II J — Ai Ji — n 

(26) 



4s' = d^s" = . 



Furthermore, the S"s of (I) corresponding to those elements of (II) with s' = ( or s" = ) are 
solutions of (|l9|) ( or ( [20| ) respectively ) described by Theorem 2 before. □ 



Now we are going to establish the relation between Eq.(^) and the (conformal) sinh-Gordon 
equation: 

(shG)„ : -{dl + dl)4> = 8(ue<^ - e"-^) , : (D — > R U {-oo} , (27) 

where u = |f7p for a (fixed) holomorphic function U of the complex plane (D. For u = 0, Eq. ( p7[) is 
the Liouville equation, which posseses the conformal invariant property. Our main discussion here 
will be on the case of a non-zero u. Note that by Corollary of Theorem 1, the function, 

is a solution of ( p7| ) for 

u = \U\' , U 



,2 rr d^CdzC 



(1 + ICI 



2^2 



Proposition 4. Let X = (D with the coordinate z = x + iy, and L be the trivial line bundle 
over endowed with the natural Hermitian structure. Let K be the canonical bundle over X with 
the vector space of holomorphic sections, r(X, K). Then there is an one-to-one correspondence 
between the following data: 

(I) 5 : (C — > S'^,a solution of (|2|), but not a solution of with 5(0) = e. 

(II) {A, s), a solution of (|2^), where ^4 is a ;7(l)-connection of L, s G J^^((D,L) with s" / 0. 

(III) {h,a), where a G r(X, K), h =< dz,dz > for a Hermetian metric <, > of K, satisfying 
the relation: 

d"d' log h = haa^ - h-'^dzdz . (28) 

(IV) {(/), U), where U is an entire function, </) is a solution of (p7|) with u = 

The correspondence between (I), (II), is given in Theorem 1. The relations between (II), (III), 
(IV), are described by 

A = \{h-^d'h - h'H"h) , s = h^a + h'Uz , 

A = ^dz-^dz, s = UeUz + e-2dz , 
h = e'l' , a = Udz . 

Furthermore, the above correspondences are equivariant under the following actions of analytic 
automorphisms / of (D with /(O) = 0: 

f*s^{rA,rs) ^ {\dj\^rhj*a) ^ i4^,u) , 
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where 4>,U, are defined by 

0(z) =0(/(z)) + 21og|a,/(z)!, U{z) = U{f{z))idJ{z)f . (29) 

Proof. One may assume the hne bundle L in Theorem 3 to be the trivial one, hence the relation 
between (I) and (II) follows immediately . We are going to show the equivalence of (II) and (IV). 
In terms of a suitable frame of L, the element {A, s) of (II) is expressed by 

s = Qzdz + Qzdz , A = Azdz + Azdz . 

Then (^) becomes 

f dzA, - dzAz = 2{\qz\^ - \qz\^) , 
\ {dz + Az)qz = {dz + Az)q-z = . 

Define 

U = qzqi ■ 

By the property Az = —Az, we have 

d-zU = (d-z + A-z)qz = (dz + Az)q-z = . 

Since the vanishing of any two in the above implies the third one, one may replace {A,qz,qz) by 
{A,U.,qz). Then the equation becomes 

dzA-z-d-zAz = 2{\qz\'' -\q-z\^) , 
d-zU = {dz + Az)q-z = . 

-0 

By a suitable unitary frame of L, we may assume = e 2 , where (f) '■ ^ — ^ IR- Then we have 




where 1^ is a solution of Eq. (pTj). Hence we obtain the correspondence between (II), (IV). The rest 
relations follow immediately. □ 

Remark. With the same argument as in the above proposition, the equivalent form of Eq. ( [2^ ) 
with s' 7^ gives rise the equation of (0, C/) in [Q]: 

-{dl + dl)ct> = ^{e<f>-\U\^e~<f>) , 
dzU = Q . 

□ 



By Proposition 4, one can derive the zero-curvature representation of the sinh-Gordon equation 
(27) as follows. Let U be an entire function with |f7p = u. Then the data in Proposition 4 (IV) 



for a fixed <f) are given by the collection of ((/>, XU) with A G (D, |A| = 1, each of which corresponds 
to an element {A,s) in (II), then by ([l8|), gives rise a S'?7(2)-connection with the linear system. 





dzg = 9[ .tT r ^ , d-zg = g\ J: , (30) 
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for |A| = 1, hence A G (D* by extension. The variable A is called the spectral parameter. There is 
another intepretation of the spectral parameter by using the *-involuion of il,^{X)(j^: 

* : ^}^{X)qf — > Q^{X)qf , *dx = dy , *dy = —dx . 

In fact, for a trivialization of L in Proposition 4, one has the identification, L) = Q^{X)(j^. 

Then Eq. (^) becomes 

r F{A) = 2qq , 

I dAQ = dA{*q) = , 

which is equivalent to the system for 9 G ]R/27rK, 

f F{A) = 2qeq§ , 

I dAqe = dA{*qe) = , 

where qg := qcos9 + {*q) sin 9. The corresponding element of Proposition 4 (III) is given by 

{h,a)= (etUdz), ^ {A,q) , 

ih,ae)= (e<^,e-2*^C/dz), ^ iA,qe) . 



The family {qg} provides a role of the hidden symmetry of Eq. (|30|) . On the other hand, one can also 
associate the spectral parameter A with the symmetries of Eq.(p9[). For n = , it is the Liouville 
equation, which possesses the holomorphic symmetries of (D. For n 7^ in (shG)^, the relation (|2^ ) 
determines the following holomorphic functions / which preserve the function u of the form u^'- 

j u{z) = Uk(z) := [zp'^, k G K>o, 

\ f{z) = fx{z) :=Xz, A G (C* , |A| = 1 . 

Hence one obtains the following statement as a corollary of Proposition 4: 

Proposition 5. Let L,K be the same as in Proposition 4. For a non-negative integer k, there is 
an one-to-one correspondence between the following data: 

(I) {h,a), a solution of ( [2^ ) with aa^ = \z\'^^dzdz, modulo the relation {h,a) ~ {f^h,f^a) with 
|A| = 1. 

(II) (j), a solution of ( |27| ) for u = Uk- 

For a function cp in (II), the corresponding element in (I) is represented by 

/i = e"^ , a = z^dz . 

□ 

For Eq. (p7|) with u = Uk, a solution (f) generates an one-parameter family of solutions as follows: 

(p{z, z) ^ (peiz, z) := (pie'^^z, e'^^z) , 9 G M/IttTZ . 
The linear system corresponding to is given by 

dzg = g\ \ , d,g = g\ 

\ z'^e 2 ^dz4)Q J yea -^d24>e 

By Proposition 4 and the relation (^), using the transformation f^-ie, one can change the above 
system into (H) with f7 = z^ A = e^*=+2)*^. 
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Replacing the coordinate (x, iy) by (t, x) € IR^ in previous arguments of this section, one is able 
to derive the sine-Gordon equation. In fact, we define the light-cone coordinate, 

= t + X , t~ = t — X , 

with the differential operators, 

d+ = ^{dt + d^), d. = ^{dt-d^). 

The equation is defined by 

Sx{d!-d^,)S = 0, d+d^C = 2C^^^) , C = P*{S) . (31) 

The constraint of the corresponding {A, s) of Proposition 3 is given by 

d~^s^ + d\s~ = d^s^ — d\s^ = d^s^ = d\s~ = . 
Locally, s is an 1-form q which satisfies the relation, 

{dA)tqt = {dA)xqx ■ 
Then (^) is related to the sine-Gordon equation: 

Indeed, by the same argument as in Proposition 4 one can derive the following fact. 

Proposition 6. Let L be the trivial line bundle over with the natural Hermitian structure. 
Then there is an one-to-one correspondence between the following data: 

(I) S G C~(IR2, S^), a solution of ® with S*{Ts2) = L . 

(II) {A,s), where ^4 is a C/(l)-connection on L, s S r2^(]R^,L), satisfying the equation 

f FiA) = 2ss^ , 

\ {d+ + A+)s^ = (a_ + A.)s+ = . 

(III) (<I>,r+,r_), where r± are non-negative functions on IR'^ with (9_r+ = 9+r_ = 0, <I> a 
solution of (^2|) for W = log r_|_ + log r_ 

The correspondence between (I), (II), is given in Theorem 1, and (II) , (III), by 

A = -id.^dt- , s = r+^^dt+ + r^dt" . 

Furthermore, the correspondences are equivariant under action of the following automorphisms of 
]R2: 

/ : (t+,r) ^ {a{t-^),(3{n) with /(0,0) = (0,0) , ^ > , ^ > , 
via the relations: 

f*S ^ if* A, rs) ^ (!>, f+, f.) := (/*ci> , ^a*r+ , ^P*r.) . 

□ 

When W is the constant, logm'^, the linear system associated to (|3^ ) gives rise to the family with 
a spectral parameter A E (C* : 

/ ^e-** \ „ / ia_«> -A \ 
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6 Heisenberg Model and Nonlinear Schrodinger Equation 

In this section, we set X = with the origin as the base element, {t, x) as the coordinates. We 
are going to estabhsh the equivalent relation between Heisenberg model and nonlinear Schrodinger 
equation: 

(HM) : doS = SxdfS, S e {M^ , S^) , 

(NLS) : idoQ + djQ + 2\Q\'^Q = , Q G ^^(IR^)^^ . 

For an element {S,i) of C°°{X, SO{ci)), let {V,q) be the corresponding pair of 1-forms in Lemma 
2. By (0), we have 



dtS = {dA)iqit- + {{dA)iqi)U - Mqi\ S , A = -iV . 

Hence one obtains the following constraint of the corresponding {V, q) for a solution S of the 
equation (HM): 

qo = i{dA)iqi ■ 

Besides the local i?-gauge symmetries, the above condition is invariant under the following trans- 
formations: 

q 1-^ e^^^g , {t, x) i-^ ipv{t, x) := {t, x - 2vt) , 
here ipy is the Galileo tranformation of IR'^ with u € IR. Note that we have the relation: 



do] ^ do- 2vdi 
di \ di 



One can eliminate qo in ( IC ) , which is reduced to a system of functions qi,Vo,Vi: 



doAi - diAo = 2idi\qi\'' , 

i{dA)oqi + {dA)lqi = , (ot A = -iV . 



By the change of variables, 



Wo = Vo-2\qi\^ , Wi = Vi 



the above system is equivalent to 



doBi - diBo = , 

i{dB)oqi + {dB)lqi + 2|gi|2gi = , for 5 = -iW . 



(34) 



Under a gauge transformation h E C°°{X, H) with h ^dh = {da)e^, the change of in (^) gives 
rise the transformations of 

qi ^ e^'qi, VF^ ^ PF^ + (O^a) , /i = 0, 1. 

As = d^(j) for some (p G 0,^{X), a solution of ( p^ can always be transfomed into a special form 
of the following type through a local -fT-gauge: 

(gi, Wo, Wi) = (Q, 0, 0) (^ (gi, Vo, Vi) = {Q, 2\Q\^,0) ) . (35) 

The above function Q satisfies the equation (NLS), and it is unique up to a multiplicative constant 
of modulo 1. Hence we have obtained the following result: 

Theorem 4. There is an one-to-one correspondence of the following data: 
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(I) S{t,x), a solution (HM) with 5(0,0) = e. 

(II) Q{t,x), a solution (NLS), modulo the relation Q{t,x) ~ cQ{t,x) with c G (D, |c| = 1. 
The above functions S, Q, are related by 

f diS =QL + Qt+ , 
dit+ = -2QS , 



doS = i{diQ)t^ + i{diQ)U , 
[ dot+ =-2i{diQ)S + 2i\Q\H+ , 

for some lifting pair {S,i) € C°°{X, S0{3)) of S. ( Note that such a lifting always exists, which is 
unique up to a rotation on tangent planes of S'^ by a constant angle) . □ 



If the functions VFo,W^i in (|3J) are constant functions, say Wq = p , Wi = v, the equation of qi 
has the form 

i{do - 2vdi)qi + djqi + 2\qi\^qi + {p - v^)qi = . (36) 
Using the //-gauge tranformation by setting W + d{pt + vx) = 0, one obtains a solution of (NLS), 

g(t,x) = e-W-)g^(i^^) . 

In the case of p = v'^ , one can reduce Eq.(^) to (NLS) by the Galileo tranformation (p^. Hence 
by starting from one solution Q of (NLS), one produces another solution by the relation: 

Q,it,x) := ((^,)*(e^('^'*+''^')Q) = e*(-'^'*+™)Q(t,x - 2vt) . 
Therefore we have shown the following result: 

Proposition 7. The map 

Q{t, x) ^ Q^{t, x) := e^(-'''*+''^)Q(t, x - 2vt) , u e IR , 
defines an 1-parameter family of solutions of the equation (NLS). □ 

One can describe the above family through the following symmetries of the [q, ^)-system: 

q ^ S'"^t+^^)q ^ A + i{v^dt + vdx) , ip^ : {t, x) ^ {t,x- 2vt) . 

The expression of Q by is given by 

Q{t,x) = (<^-.)*(e^(^'*-^")g„) . (37) 



By (|35D, one can obtain the zero-curvature representation of a solution Q of (NLS) through the 
process of Section 3. In fact, the linear system (|6|) associated to Q has the form: 



dig = gUo{t,x) , Uoit,x) = \^ 
dog = gVo{t, x), Vo{t, x) = i 
here g € C°°(]R^, SU{2)). The curvature of the above connection J is given by 



-Q ] 
Q y ' 

' \Q\' diQ 
. diQ -\Q? 



(38) 



-idoQ + dlQ + 2\Q\'^Q 

idoQ + d'(Q + 2\Q\^Q 



F{J) - -I . a2n_LOini2 
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The Zakharov-Shabat spectral representation of Q is the expression, 

di^x = ^xU{t,x;X) , U{t,x;X) = {%^ Z?,] =Uo{t,x) + XUi{t,x) , 



doipx = ipxV{t,x;X) , V{t,x;X) =i 



Q ^X 

|Q|2-iA2 diQ-iXQ \ (39) 
^ diQ + iQX -|Q|2 + 1a2 ) 
Vo{t,x) + XVi{t,x) + X^V2{t,x) , 



where Ui = e^,Vi = —Uq,V2 = —Ui and A G (C, ( Note that the Q here is equal to — in |Q] ). 
One can relate the above representation to the Galileo symmetries of (NLS) and derive it form the 
Q^-family of Proposition 7. In fact, there associates a linear system (^) for each Q^. With the 
local i^-gauge transformation, 

h = e"^ , a{t, x) = v^t — vx , 
the linear system is transformed into the following one: 

Then apply the Galileo transformation ip-^ to the above system. By the relation (p7|), we obtain 
the expression (|39|) for A = —v with V'a = fxid-x)- 

7 Chern-Simons Theory and Backlund Transformation 

We are going to discusss the nonlinear Schrodinger equation of the previous section from the 3- 
dimensional Chern-Simons theory point of view. The spectral parameter will be interpreted as a 
3 dimensional zero-curvature condition through the dimensional reduction. We set X = in the 
discussion of this section with the coordinates {x^jX^^x"^). Consider the equation 

doS = Sx{df + dl)S , 5gC°°(X,52). (40) 

Let {A, q) be the solution of (^) corresponding to S in Proposition 3. Introduce the complex 
coordinate of (x^, x^)-plane, 

z = x^ + ix^ . 

An 1-form g of X is decomposed into dx^ , dz, dz-components: 

Q = q'^ + q' + q" , (f = Qodx° , q' = Qzdz , q" = q^dz . 
Hence one has the corresponding decomposition of the differential d on forms of X, 

d = d^ + d' + d" . 

In particular, we have the decomposition of a [/(l)-connection A and the covariant differential dA- 

A = A^ + A' + A" with A^=-A^ , 'W= -A" , 

dA = d'i + d'^ + d'X , d\ = d'^ + A\ d'^ = d' + A' , d'^ = d" + A" . 
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For a solution {A,q) of Eq.(^), its (zz), (x^z), (x''z)-components are the expressions: 



d'A" + d"A' = 2{q'q' + q"q") , 

dW' + d'W = o, _ _ 

dPA' + d'A^ = 2{q^^+q'q0) , 
d\q' + d'^q^ = 0, _ _ 

d^A" + d"A° = 2(gV + q"q^) : 

' f + d'^q'^ = , 



I.e. 



I.e. 



I.e. 



d,A, - d,A, = 2{\q,\^ - \q,\^) 

{dA)zqz = {dA)zqz , 

doA;, - dzAo = 2{qQqi - %q^) , 
{dA)oqz = {dA)zqo , 
doA^ - d^Ao = 2{qoq; - q^q^) , 
{dA)oqz = {dA)zqo ■ 



(41) 



The corresponding constraint of {A, q) to a solution of ( ^0|) is given by 

qo = i{dA)iqi + i{dA)2q2 = ^i{dA)zqz = ^i{dA)zqz ■ 

By the relation 

^dA)z{dAh = (5a)? + {dA)l + '2{dzA, - d,A,) , 
and the change of variables, 

Bo = Ao + 4i(|g,|2 + \q,\^) , Bi = Ai, B2 = A2 , 

Eq. ( pl| ) is transformed into the system: 

qo = 4:i{dB)zqz = 4^i{dB)zqz , 
d,B, - d-A = 2{\q,\^ - \q,\^) , 



doB^ - d^Bo = 8i{q2idB)zqz + qz{dB)zqz) - '^idz{\qz? + \qz?) 
i{dB)oqz + iidB)l + [dB)l)qz + 8\qz?qz = , 



z ^ z 
Z z 



(42) 



Following arguments in ||16|], we perform the dimensional reduction, and look for solutions indepen- 
dent of X2- Denote 

1 , 1 



By the change of variables. 



Co = -Bo — iB2 , C\ = B\ , €2 = B2 , 



the system (42) becomes 



r doCi - diCo = 0, 

i{dc)o'^± + {dc)l^± + 2|^'±|2^± = , 
qo = 4i(5i + 2C,)^+ = Ai{di + 2Cj)^'_ , 

5iC2 = 16i(|*_+|2-|M/_|2) , 

doC2 



(43) 



-16[{^+{dc)i^+ - ^+(5c)i*+) - (*-(5c)i^- - ^_(5c)i'f-)] . 

By a suitable C/(l)-gauge trasnformation, i.e. a real-value function a = a{t,x) with 

Co - idoa = , Ci - idia = , e*"*± = Q± , 

one reduces ( ^3| ) into the special form with Co = Ci = 0, 

f idoQ± + dlQ± + 2|Q±|2g± = , 
di{Q+-Q.)=iC2{Q+ + Q-) , 

51^2 = iQi{\Q+? - \Q-?) , _ 

50^2 = -l6[{Q+diQ+ - Q+diQ+) - {Q-diQ. - Q-diQ^)] , 
[ go = 4i(9i - iC2)Q+ . 



(44) 
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Solve the above C2 by the expression: 



iC2 = ±^^V^-\Q+-Q-? , 

where ry is a constant depending on Q+ and Q-. Then the system ( |4^ ) is equivalent to the Backlund 
transformation of (NLS) for Q±: 

j idoQ± + dlQ± + 2|Q±|2q± = , ^ 

\ diQ+ - aiQ_ = ±4r?(Q+ + Q_)Vl-|(Q+-Q-)/r/P • ^ ' 

Following the above arguments, one can derive a linear system on X with the consistency condition 
([45|). In fact, the three components of the connection J for the corresponding linear system (^) are 
the expressions: 



27?2 + 2(Q+Q_ + Q_Q+) diQ++^aQ+ _ 

diQ+ + A'naQ+ -2rf - 2(Q+Q_ + 



J I = 

J2 = -2rii 



-2(Q+ + Q_ 

2{Q+ + Q-) 
a b \ 



where o = =F\/1 — \{Q+ ~ Q-)/'nV-, b = {Q+ — Q-)/r]. A key point of this approach is on the 
relation of J2 and the global gauge tranformations for Zakharov-Shabat spectral representations 
® of Q±: 

f diip+ = '^+U+{x°,x^;X), j di^- = ^-U-{x^,x^;\), 

The Backlund transformation is described by the existence of a 5C/(2)-valued function g{x^ ^x^; A) 
which transforms -0- to 

V'+Cx^x^A) = V-(x°,x^A)5(x°,xi;A) . 

An equivalent form is 

g~^dig = U+- g~'U.g , g-'dog = V+- g-'V.g . 

By the following identification of the spectral parameter A with the coordinate x^, 

4?? . 2 
— = tan X , 
A 

one then obtains the expression of g{x^, x^; X), 

f 1 ^^ -x^i^ ( ^ ^\ 2 , ■ ( a b \ . 2 
g[x ,x;A)=e ^1 = \ cos x + « , sm x . 



8 Flat SU(l,l)-Connection and Non-compact cr-Models 

In this section we discuss models related to the SU{1, l)-connections. A notable one is the exam- 
ple of E. Witten on the cylindrical symmetry solutions of the 4-dimensional self-dual Yang-Mills 



equation in |24]. We are going to follow the same arguments of previous sections by replacing the 
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group SU{2) by 5^7(1,1). An orthogonal basis of the Lie algebra su(l, 1) ( w.r.t. the negative 
Killing bilinear form with signature (—,—,+) ) consists of the elements, 

2 ' 2 ' 2 

The sequence (||) becomes 

1 — > {±1} — > SU{1, 1) — > S0{1, 2) — . 1 . 

Consider the diagonal subgroup H of SU (1,1), and identify the homogenous space SU{1,1)/ H 
with the hyperboloid in su{l, 1) having the base element e = e^, 

3 

•S* = {Yl ^i^^ I - - + 2:3 = 1} . 
i=i 

The tangent bundle T5 of S" is a Hermitian line bundle with the metric induced by the Killing form 
of su(l, 1). Via the stereographic projection, 

2C 1 + ICP 

p : — > S , S , with + 182 = ^ _ , S3 = ^ _ , 

the hyperboloid S is isometric to the unit disc with the Poincare metric 

(1-|C|2)2 • 
An equivalent model is the upper-half plane, 

m' = {T = x + iye(£\y>0} , ds' = . 

Let J be a SU{1, l)-connection on a simply-connected manifold X, 

J = -2Re{q)e^ - 2Im{q)e^ + Ve^ = qa~ + qa+ + Ve^ , qe n^{X)Q^ , V en'^{X) . 
The zero curvature condition of J can be formulated by the expression: 



I F{A) = -2qq , 

I d^q = , for ^ = -iV , 

which, by (|5|), is the consistency condition of the linear system of S,t: 

j dS = qt_ + qt+ , 
I dAt+ = 2qS . 

With the same arguments as in Theorems 1 and 2, one has the following results: 



(46) 



(47) 



Theorem 5. Let L be a Hermitian complex bundle over a simply-connected marked manifold X. 
There is an one-to-one correspondence of the following data: 
(I) S G C^iX, S) with S*{Ts) = L . 
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(II) {A,s), where A is a C/(l)-connection on L, s E L), satisfying the relation 

r F{A) = -2ss\ 
dAis) = 0. 



□ 



Corollary. For X = H with the coordinate z = t -\- ir, there is an one-to-one correspondence 
between the following data: 

{!) S : X — > S with 5(0, 0) = e, a solution of the equation 

doS= -SxdiS . 

(II) (A, $), where A is a C/(l)-connection, <I> £ Q,^'^(X), satisfying the relation: 



F{A) = -2^>4>* , 
d'^^ = . 



(49) 



(III) (j) : X — > JR U {— oo}, a solution of Liouville equation: 

(52 + df)(l) = 8e'^ . (50) 

□ 

One can derive the expression of a general solution of (|50| ) : 

'^(^) = n ^^i}^^^l^2 ' C : H ^ B holomorphic , 



(z) = log ^ , r : IH — > IH holomorphic 

A T / — / -. \ \ Z 



or equivalently, 

|g.T(z)P 

4/m(r(z))2 

We are going to relate the equations of the above Corollary with the self-dual Yang-Mills equation. 
By the change of variables, 

Aq = Bq+^-^ , Ai = Bi , ^ = ^dz , 



Eq.(|49|) is transformed into 

j ir^{doBi - diBo) = K- 
\ (5, + i?,)<A+^0 = O, ^''^ 

where k is a real constant. One may apply a gauge transformation h E C°°{X,H) with h^^dh = 
{da)e^ to the system (^9|). It gives rise the transformations of functions BQ,Bi,(f>, in ([5l|): 

B^^ B^- id^a (/i = 0, 1) , (/> e*°0 . 

By setting 

it 

(/) = e 2 with V : — ^ IR, , 
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one obtains the expression of B, 

B = ^ )dz - (— + — )dz . 

2 2r 2 Zr 

Then ip satisfies the following Liouville-like equation on a curved space-time for all k : 

r^{di + df)ilj = -2 + 8e^ . 

With the identification, 

iBx = Wx , iBy = Wy, 2(p = ipi + i(p2 , 
Eq.(|5l|) for K = 1 is now equivalent to the system, 

r^doWi - diWo) = I - ifl - ifj , 
doifi + Woip2 = diip2 - Wiipi , 
diipi + Wiip2 = -{dQ^2 - Wq^pi) , 

which is the cylindrical symmetric self-dual Yang- Mills equation in [p^. 

9 Conclusions 

We have treated in the present paper only models related to the gauge theory of SU (2) or SU (1, 1), 
though the formulizm is valid for a general gauge group. The equivalent relation, established in this 
work, from one site is the well known gauge equivalence between integrable models on an arbitary 
background manifold in the framework of Lax pair, while from another site describes the u-model 
representations. An important point is that there exists a systematic way of producing these 
Lax forms from symmetries of the equation. It suggests a possibile unified BF gauge theoretical 
approach to an integrable system and its underlying spectral problem [Q] [^] |jl2[ Namely, 
any cj-model ( on a curved background ) is equivalent to a BF gauge field theory in a special gauge. 
If the model is integrable, then, the theory provides a complete description in terms of the Lax 
pair. Furthermore the global gauge structure appears as the spectral parameter, while Backlund 
transformations have the origin in the higher dimensional Chern-Simons theory. In this paper we 
have shown that the hidden symmetry of some integrable models with physical interests has its 
structure revealed much clearly in a mathematical formulation using the language of fiber bundles 
and connections. 

Another source of main interests in our investigation stems from the similarity of Eq. (^) with 
the Seiberg-Witten equation in the electric-magnetic duality of = 2 SUSM Yang-Mills theory 



[21|. Recently, the dimensional reduced Seiberg-Witten equations were studied and the set of 



equations shares a similar structure with the Hitchin equation except the distinction of Higgs field 



and Weyl spinor [14| |15|| . In this paper, we have treated the cylindrical symmetric self-dual Yang- 
Mills equation of |24] through the framework of integrable systems. It is plausible that a similar 
argument could also apply to the equivalent rellation in ||^] on the axially symmetric Bogomoly 
monopole equation and Ernst equation of general relativity. The hope is that our approach based 
on the exactly soluble models could possibly help to illuminate the analytical structure of Seiberg- 
Witten theory. Such a program is now under our investigation. 
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